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Abstract
A new class of Lie algebras of finite dimension, those which are associated with a cer-
tain combinatorial configuration made up by triangles of weighted and non-directed edges, is
introduced and a characterization theorem for them is proved. Moreover, some subclasses of
such Lie algebras are classified.
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1. Introduction
To find new links and relationships between different fields of Mathematics has
always been one of the most exciting challenges in mathematical research because
it allows to use different techniques to solve old and new problems as well as to
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improve known theories and to reveal new ones. In this context, a novel and general
association between Lie algebras and combinatorics was introduced in [1].
Lie theory is very extended, not only because of its purely theoretical importance,
but also because of its applications to other sciences (especially, Applied Mathemat-
ics, Physics and Engineering) are contributing to a fast development of new results.
We can use similar reasons to explain the nowadays high level of Combinatorics
theory, which is considered as a very important tool to study other mathematical
subjects, due to its many applications.
As we have said, in [1] a combinatorial structure (of dimension 2 in general, made
up by triangles of weighted and non-directed edges plus, perhaps, more weighted
and directed edges between the vertices) was associated with a Lie algebra of given
finite dimension from which a selected basis is known. Moreover, the case when the
two-dimensional elements of the combinatorial structure do not appear was studied
there. The aim of this paper is to begin the study of such an association if the com-
binatorial structure is only formed by triangles of weighted and non-directed edges,
that is, if it is of pure dimension 2. To this end, we consider the so-called triangular
configurations which are plane and connected sets of triangles such that any two
non-disjoint of those triangles only share either one edge (so, they also share the two
vertices of the edge) or one vertex. Especially, we take into account closed triangular
configurations (if all the triangles have a common vertex and all the incident edges
on that vertex belong to two triangles) or, otherwise, open triangular configurations
(if, all the triangles have a common vertex, not all the incident edges on that vertex
belong to two triangles and so, at least there are two of them belonging only to one
triangle) and, in particular, basic open triangular configurations (if there are exactly
two incident edges on the common vertex which only belong to one triangle) which,
actually, are closed configurations with a triangle less.
Previously, in Section 2, we review the definitions and properties concerning the
general theory of Lie algebras which we shall use later. In Section 3, we recall
the above mentioned association between a Lie algebra of finite dimension with a
selected basis and a combinatorial structure formed by triangles of weighted and
non-directed edges plus more weighted and directed edges between the vertices,
such that the weights of the edges depend on the structure constants of the algebraic
law. Furthermore, we point out that it is always possible to associate a vectorial
space of finite dimension (equal to the number of vertices), endowed with an in-
ner bilinear and skew-symmetric product, with such a combinatorial structure. This
vectorial space will be a Lie algebra if it satisfies the Jacobi identities. Section 4
is devoted to give some characterization theorems, concerning the weights of the
edges, when either a closed or a basic open triangular configuration is associated
with a Lie algebra. We also study more complicated triangular configurations which
are obtained by adding, consecutively, triangles to a closed (resp., basic open) tri-
angular configuration in such a way that always new vertices appear (for instance,
open triangular configurations are obtained so). Therefore, we are introducing a new
class of Lie algebras of finite dimension formed by those which are associated with a
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triangular configuration. In the last section, we classify the subclass made up by the
Lie algebras associated with closed and basic open triangular configurations and we
prove that they are, except in the cases of lesser dimensions which are also studied,
solvable and, in some additional conditions, nilpotent Lie algebras.
We believe that the results of this paper are useful to proceed a little step for-
ward in the theoretical study of Lie algebras as well as getting examples of solvable
and nilpotent Lie algebras with very handy basis, which will be important for their
many applications. Moreover, to work on the associated combinatorial structures
could involve an easier method to solve some problems concerning Lie algebras
than considering them by themselves.
2. Preliminaries on Lie Algebras of finite dimension
In this section, we shall refer to Chow’s [2] and Goze–Khakimdjanov’s [3] books
for a general view over the Lie Algebras theory and their classification, respectively.
A Lie algebra L is a vector space with a second inner bilinear composition law
(denoted by [ , ] and called bracket product or law of the algebra) which satisfies the
following conditions:
1. [X,X] = 0, for any X ∈L.
2. J (X, Y,Z) = 0, for any X, Y,Z ∈L, where we denote
J (X, Y,Z) = [[X, Y ], Z] + [[Y,Z], X] + [[Z,X], Y ].
The second condition is named Jacobi identity. Moreover, the first condition
together with the bilinearity of the bracket product implies the skew-symmetry prop-
erty: [X, Y ] = −[Y,X], for any X, Y ∈L.
The center of a Lie algebraL is defined by
Z(L) = {X ∈L/[X, Y ] = 0, for any Y ∈L}.
A Lie algebra is said to be commutative if Z(L) =L.
The notions of dimension, basis and subalgebra of a Lie algebra are defined as
those corresponding to that algebra, considered itself as a vector space. An ideal I of
a Lie algebraL is a subalgebra such that [X, Y ] ∈ I , for any X ∈ I and any Y ∈L.
An ideal I is called commutative if I ⊆ Z(L).
A Lie algebra is said to be simple if it is not commutative and it only contains
trivial ideals and it is said to be semi-simple if it does not contain non-trivial com-
mutative ideals. It is clear that every simple Lie algebra is semi-simple. On the other
hand, it is known that ifL is a semi-simple Lie algebra, then [L,L] =L.
Now, the following sequences are defined:
L1 =L,L2 = [L,L],L3 = [L2,L2], . . . ,Li = [Li−1,Li−1], . . . ,
L1 =L,L2 = [L,L],L3 = [L2,L], . . . ,Li = [Li−1,L], . . . .
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The first sequence is called derived series and the second one lower central series
ofL. Then, the Lie algebraL is said to be solvable (resp., nilpotent) if there exists
a natural number m such that Lm = {0} (resp., Lm = {0}). The least m satisfying
that condition is called the solvability index (resp., the nilpotent index) of the algebra.
Note that every nilpotent Lie algebra is solvable, because Li ⊆Li , for all i. The
converse is not true. It is also proved that every nilpotent Lie algebra has a non-null
center. Finally, a nilpotent Lie algebra L is said to be filiform if dim(Li ) = n − i,
for all i with 2  i  n, being dim(L) = n.
3. Associating combinatorial structures with Lie algebras of finite dimension
LetL be a n-dimensional Lie algebra and let B = {e1, . . . , en} be a basis ofL.
Then, for any i, j = 1, . . . , n, it can be written




where cki,j are the structure constants or Maurer-Cartan constants of L. Note that
they determine, by linear extension, the whole law of the algebra. In [1], the pair
(L,B) is associated with a combinatorial structure by the following method:
(a) For each ei ∈ B, 1  i  n, one point (vertex) labelled by index i is drawn.
(b) Given two different vertices i /= j , with 1  i < j  n, then:
(b1) If cii,j /= 0, an edge, directed from the vertex j to the vertex i and weighted
by cii,j , is drawn.
(b2) If cji,j /= 0, an edge, directed from the vertex i to the vertex j and weighted
by cji,j , is drawn.
(c) Given three different vertices i, j, k, with 1  i < j < k  n, the full triangle
with those vertices is drawn, assigning the weight cki,j to the edge of vertices
i, j , the weight cji,k to the edge of vertices i, k and the weight c
i
j,k to the edge
of vertices j, k. However, it is agreed that:
(c1) If cki,j = cji,k = cij,k = 0, the triangle will not be drawn.
(c2) If any of the three structure constant is null, the corresponding edge will
be drawn by using a discontinuous line and then, it will be called a ghost
edge.
(c3) If two triangles of vertices i, j, h and i, j, k with 1  i < j < h, k  n
satisfy that chi,j = cki,j , then only one edge between the vertices i and j
(which could be a ghost edge) will be drawn, shared by both triangles and
weighted by the common structure constant.
Notice that if there appears an isolated vertex, the corresponding basic element is
in the center ofL.
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Consequently, every Lie algebra with a selected basis is associated with such
a combinatorial structure, such that this association depends on the selected basis.
Moreover, it is easy to show that if the combinatorial structure is not connected, the
Lie algebra can be decomposed into a direct sum of Lie subalgebras, each of them
corresponding to a connected component of the structure. Several examples of this
association are given in [1].
Next, it is natural to ask if any combinatorial structure of this type (that is, one
formed by triangles of weighted and non-directed edges, perhaps any of them being
of null weight and by directed and weighted edges) is associated with a Lie algebra.
The answer is not, in general (see [1] for getting examples). However, given such a
combinatorial structure, say that it has n vertices, it is always possible to consider a
vectorial space V , of dimension n, associated with the structure, choosing a basis of
V made up by one vector ei for each vertex i, 1  i  n. Moreover, we can define a
bilinear inner product (bracket product) on V as follows.
Given two vectors ei and ej of the basis of V , 1  i < j  n, if there are no
edges between the vertices i and j , then we define [ei, ej ] = 0. If it is not the case,
we have the following possibilities:
(i) There exists a direct edge from the vertex i to the vertex j with weight ai,j .
Then, the summand ai,j ej has to appear in the expression of [ei, ej ].
(ii) There exists a direct edge from the vertex j to the vertex i with weight bi,j .
Then, the summand bi,j ei has to appear in the expression of [ei, ej ].
(iii) There exist non-directed edges between the two vertices, with respective
weights cki,j , each of them belonging to the triangle of vertices i, j, k with k /=
i, j (perhaps, also belonging to other triangles of vertices i, j and k1, . . . , ks ,
with k1, . . . , ks /= i, j ). Then, the summand cki,j ek has to appear in the expres-
sion of [ei, ej ] (perhaps, the summands cki,j (ek1 + · · · + eks ) have to appear
too).
We also define [ej , ei] = −[ei, ej ] and [ek, ek] = 0, for any k = 1, . . . , n. Then,
by linear extension, we have a bilinear inner product on V , which is skew-
symmetric.
It is clear that V will be a Lie algebra if it satisfies the Jacobi identities J (ei, ej ,
ek) = 0, for any i, j, k = 1, . . . , n.
From now on, when we assert that a combinatorial structure is not associated with
a Lie algebra, we shall mean that the vectorial space defined as above is not a Lie
algebra.
Note that in a combinatorial structure associated with a Lie algebra of finite
dimension there are two types of 3-cycles (see [4] for the terminology concerning
Graph Theory), namely those formed by directed edges and those which are in the
boundary of full triangles (probably with ghost edges). In [1], the first case has been
studied. The aim of this paper is to study the second one.
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4. Triangular configurations associated with Lie algebras of finite dimension
Let us consider a plane and connected set C of triangles such that any two non-
disjoint triangles of C only share either one edge (so, they also share the two vertices
of the edge) or one vertex. Then, C is called a triangular configuration. We say that
C is a closed triangular configuration if all the triangles of C have a common vertex
and all the incident edges on that vertex belong to two triangles (then, C has to be
made up by, at least, three triangles). Otherwise, if, all the triangles of C have a
common vertex, not all the incident edges on that vertex belong to two triangles (so,
at least there are two of them belonging only to one triangle), we then say that C
is an open triangular configuration. Finally, an open triangular configuration C is
called a basic open triangular configuration if it has exactly two incident edges on
the common vertex which only belong to one triangle (see Fig. 4.1).
Notice that, in the case of closed triangular configurations, the graph formed by
the edges (the 1-skeleton) is a wheel graph and in the case of open triangular config-
urations it is a subgraph of a wheel graph (see [4] for the definitions).
In the above three cases, we call central vertex the common one and exterior ver-
tices the other ones. Moreover, we call radial edges to those incident on the central
vertex and exterior edges to the others.
First, we are going to study when a closed triangular configuration with weighted
(perhaps, with some null weight) and non-directed edges is associated with a Lie
algebra of finite dimension. It is clear that, for having such a configuration, at least
three triangles are necessary.
Then, let C be a closed triangular configuration made up by n (n  3) triangles
with weighted and non-directed edges. So, C has n + 1 vertices. We label the central
vertex by 1 and the exterior vertices consecutively by 2, . . . , n + 1, beginning at
any of them and following the positive (counterclockwise) orientation. Given two
Fig. 4.1.
L.M. Ferna´ndez, L. Martı´n-Martı´nez / Linear Algebra and its Applications 407 (2005) 43–63 49
vertices i and j with 1  i < j  n + 1, the weight of the edge between i and j
(if such edge exists) will be denoted by ai,j . In these conditions, we know that there
exists a vectorial space V (see Section 3) with basis {e1, . . . , en+1} (where the vector
ei corresponds to the vertex i of C, for any i = 1, . . . n + 1) and endowed with an
inner bilinear and skew-symmetric product given by the following non-null brackets
of basic elements:
[e1, e2] = a1,2(e3 + en+1); (4.1)
[e1, ei] = a1,i (ei−1 + ei+1), i = 3, . . . , n; (4.2)
[e1, en+1] = a1,n+1(e2 + en); (4.3)
[ei, ei+1] = ai,i+1e1, i = 2, . . . , n; (4.4)
[e2, en+1] = a2,n+1e1 (4.5)
and their corresponding skew-symmetries.
Now, by using (4.1)–(4.5), we are going to compute J (ei, ej , ek), 1  i < j <
k  n + 1, in order to check if V is a (n + 1)-dimensional Lie algebra. We have the
following cases:
• Case n = 3:
J (e1, e2, e3) = (−a1,2a3,4 + a1,3a2,4)e1; (4.6)
J (e1, e2, e4) = (a1,2a3,4 + a1,4a2,3)e1; (4.7)
J (e1, e3, e4) = (a1,3a2,4 − a1,4a2,3)e1; (4.8)
J (e2, e3, e4) = a1,4a2,3(e2 + e3) + a1,2a3,4(e3 + e4)
−a1,3a2,4(e2 + e4). (4.9)
• Case n = 4:
J (e1, e2, e3) = J (e1, e2, e5) = J (e1, e3, e4) = J (e1, e4, e5) = 0;
J (e1, e2, e4) = (a1,2a3,4 + a1,4a2,3 − a1,2a4,5 + a1,4a2,5)e1; (4.10)
J (e1, e3, e5) = (a1,3a2,5 − a1,5a2,3 + a1,3a4,5 + a1,5a3,4)e1; (4.11)
J (e2, e3, e4) = (a1,4a2,3 + a1,2a3,4)(e3 + e5); (4.12)
J (e2, e3, e5) = (a1,5a2,3 − a1,3a2,5)(e2 + e4); (4.13)
J (e2, e4, e5) = (a1,2a4,5 − a1,4a2,5)(e3 + e5); (4.14)
J (e3, e4, e5) = (a1,5a3,4 + a1,3a4,5)(e2 + e4). (4.15)
• Case n  5:
We have the following possibilities:
1. If we consider two adjacent exterior vertices of C, then:
J (e1, ei, ei+1) = 0, 2  i  n and J (e1, e2, en+1) = 0.
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2. If we consider two non-adjacent exterior vertices of C, then:
2.1. If there is only another exterior vertex between them, we get:
J (e1, ei, ei+2) = (a1,iai+1,i+2 + a1,i+2ai,i+1)e1, 2  i  n − 1. (4.16)
Moreover, for the pairs of vertices (2, n) and (3, n + 1), which are in these
conditions too, we obtain:
J (e1, e2, en) = (a1,na2,n+1 − a1,2an,n+1)e1; (4.17)
J (e1, e3, en+1) = (a1,3a2,n+1 − a1,n+1a2,3)e1. (4.18)
2.2. If there is more than one exterior vertex between them, then J (e1, ei, ej ) =
0, for any i and j in the required conditions.
3. If we consider three exterior vertices of C, then:
3.1. If they are consecutive vertices, we have:
J (ei, ei+1, ei+2) = ai+1,i+2a1,i (ei−1 + ei+1)
+ ai,i+1a1,i+2(ei+1 + ei+3), 3  i  n − 2. (4.19)
Moreover, for the triples of vertices (2, 3, 4), (n − 1, n, n + 1), (2, n, n +
1) and (2, 3, n + 1), which are in these conditions too, we get:
J (e2, e3, e4) = a3,4a1,2(e3 + en+1) + a2,3a1,4(e3 + e5); (4.20)
J (en−1, en, en+1) = an,n+1a1,n−1(en−2 + en)
+ an−1,na1,n+1(e2 + en); (4.21)
J (e2, en, en+1) = −a2,n+1a1,n(en−1 + en+1)
+ an,n+1a1,2(e3 + en+1); (4.22)
J (e2, e3, en+1) = a2,3a1,n+1(e2 + en) − a2,n+1a1,3(e2 + e4). (4.23)
3.2. If there are two of them which are adjacent vertices and the third one is
non-adjacent to any of the others, we obtain:
J (ei, ei+1, ek) = ai,i+1a1,k(ek−1 + ek+1),
if 2  i  k − 3  n − 3, or if 3  k  i − 2  n − 2. (4.24)
Furthermore, when the vertices 2 and n + 1 appear, we have:
J (ei, ei+1, en+1) = ai,i+1a1,n+1(e2 + en), 3  i  n − 2; (4.25)
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J (e2, ei, ei+1) = a1,2ai,i+1(e3 + en+1), 4  i  n − 1, (4.26)
J (e2, ek, en+1) = −a2,n+1a1,k(ek−1 + ek+1), 4  k  n − 2. (4.27)
3.3. If they are not pairwise adjacent vertices, then J (ei, ej , ek) = 0, for any i,
j and k in the required conditions.
Now, we can establish the following theorem whose proof is a direct consequence
of (4.6)–(4.27) (which are the only non-null expressions of J (ei, ej , ek), for 1  i <
j < k  n + 1):
Theorem 4.1. Let C be a closed triangular configuration made up by n triangles
(n  3) with weighted and non-directed edges labelled by following the above con-
ventions. Then, C is associated with a (n + 1)-dimensional Lie algebra if and only
if the weights of the edges satisfy:
(i) If n = 3:
a1,4a2,3 = a1,2a3,4 = a1,3a2,4 = 0.
(ii) If n = 4:
a2,3a1,4 + a3,4a1,2 = 0,
a2,3a1,5 − a2,5a1,3 = 0,
a4,5a1,2 − a2,5a1,4 = 0,
a3,4a1,5 + a4,5a1,3 = 0.
(iii) If n  5:
ai,i+1a1,k = 0, 2  i  n, k /= i, i + 1;
a2,n+1a1,k = 0, 3  k  n.
From this theorem, we obtain, as examples, that any closed triangular configura-
tion made up by triangles with weighted and non-directed edges and such that either
all its radial edges or all its exterior edges are ghost edges is associated with a Lie
algebra. On the other hand, if the configuration has n = 3 or n  5 triangles with
all the edges not being ghost edges, then it is not associated with a Lie algebra.
However, if the number of triangles is equal to 4, the configuration of Fig. 4.2 has no
ghost edges and it is associated with a Lie algebra.
Now, we are going to study open basic triangular configurations. Then, let C
be a basic open triangular configuration made up by n triangles with weighted and
non-directed edges. So, C has n + 2 vertices. We label the central vertex by 1 and
the exterior vertices consecutively by 2, . . . , n + 2, following the positive (counter-
clockwise) orientation, beginning at one vertex which belongs only to one triangle
and finishing at the other one. Given two vertices i and j with 1  i < j  n + 2,
the weight of the edge between i and j (if such edge exists) will be denoted by ai,j .
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Fig. 4.2.
In these conditions, we know that there exists a vectorial space V (see Section 3) with
basis {e1, . . . , en+2} (where the vector ei corresponds to the vertex i of C, for any
i = 1, . . . n + 2) and endowed with an inner bilinear and skew-symmetric product
given by the following non-null brackets of basic elements:
[e1, e2] = a1,2e3; (4.28)
[e1, ei] = a1,i (ei−1 + ei+1), i = 3, . . . , n + 1; (4.29)
[e1, en+2] = a1,n+2en+1; (4.30)
[ei, ei+1] = ai,i+1e1, i = 2, . . . , n + 1; (4.31)
and their corresponding skew-symmetries.
Now, by using (4.28)–(4.31), we are going to compute J (ei, ej , ek), 1  i < j <
k  n + 2, in order to check if V is a (n + 1)-dimensional Lie algebra. First, when
n = 1, it is known that C is always associated to a Lie algebra, for any weights for
the edges (see Example 2.3 of [1]).
Moreover, from Example 2.5 of [1], if n = 2, it is proved that J (e1, e2, e3) =
J (e1, e3, e4) = 0 and:
J (e1, e2, e4) = (a1,2a3,4 + a1,4a2,3)e1; (4.32)
J (e2, e3, e4) = (a1,2a3,4 + a1,4a2,3)e3. (4.33)
Thus, we consider case n  3. First, it is clear that J (e1, e2, en+2) = 0. Further-
more, we have the following possibilities:
1. If we consider two adjacent exterior vertices of C, then J (e1, ei, ei+1) = 0, for
2  i  n + 1.
2. If we consider two non-adjacent exterior vertices of C, then:
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2.1. If there is only another exterior vertex between them, we get
J (e1, ei, ei+2) = (a1,iai+1,i+2 + a1,i+2ai,i+1)e1, 2  i  n. (4.34)
2.2. If there is more than one exterior vertex between them, then we have
J (e1, ei, ej ) = 0, for any i and j in the required conditions.
3. If we consider three exterior vertices of C, then:
3.1. If they are consecutive vertices, we obtain:
J (ei, ei+1, ei+2) = ai,i+1a1,i+2(ei+1 + ei+3)
+ai+1,i+2a1,i (ei+1 + ei−1), 3  i  n − 1. (4.35)
Moreover, for the triples of vertices (2, 3, 4) and (n, n + 1, n + 2), which are
in these conditions too, we have
J (e2, e3, e4) = a2,3a1,4(e3 + e5) + a3,4a1,2e3; (4.36)
J (en, en+1, en+2) = an,n+1a1,n+2en+1 + an+1,n+2a1,n(en+1 + en−1).
(4.37)
3.2. If there are two of them which are adjacent vertices and the third one in not
adjacent to any of the others, we get
J (ei, ei+1, ek) = ai,i+1a1,k(ek−1 + ek+1),
if 2  i  k − 3  n − 2, or if 3  k  i − 2  n − 1; (4.38)
J (ei, ei+1, en+2) = ai,i+1a1,n+2en+1, 2  i  n − 1; (4.39)
J (e2, ei, ei+1) = ai,i+1a1,2e3, 4  i  n + 1. (4.40)
3.3. If they are not pairwise adjacent vertices, then J (ei, ej , ek) = 0, for any i, j
and k in the required conditions.
Now, we can establish the following theorem, whose proof is a direct consequence
of (4.32)–(4.40) (which are the only non-null expressions of J (ei, ej , ek), for 1 
i < j < k  n + 2):
Theorem 4.2. Let C be a basic open triangular configuration made up by n triangles
with weighted and non-directed edges labelled by following the above conventions.
Then, if n = 1, C is associated to a three-dimensional Lie algebra. Moreover, if
n  2, C is associated with a (n + 2)-dimensional Lie algebra if and only if the
weights of the edges satisfy:
(i) If n = 2:
a1,2a3,4 + a1,4a2,3 = 0.
(ii) If n  3:
ai,i+1a1,k = 0, 2  i  n + 1, k /= i, i + 1.
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Fig. 4.3.
From this theorem, we obtain, as examples, that any basic open triangular config-
uration is made up by triangles with weighted and non-directed edges and such that
either all its radial edges or all its exterior edges are ghost edges associated with a
Lie algebra. On the other hand, if the configuration has n /= 2 triangles with all the
edges not being ghost edges, then it is not associated with a Lie algebra. However, if
the number of triangles is equal to 2, the configuration of Fig. 4.3 has no ghost edges
and it is associated with a Lie algebra, giving to all the edges a weight equal to 1 but
a2,3 = −1:
At this point, it is natural to ask about more complicated configurations. We say
that a triangle is summed to a triangular configuration C if we add it to C and then,
it shares some vertex and, at most, one edge with C in such a way that the result is
a new triangular configuration (that is, plane and connected) with, at least, one more
vertex. Thus, we say that a triangular configuration is obtained from another one (or
it contains the other) if it is the result of consecutive sums of triangles to the first
one. In Fig. 4.4, where the added triangles are the striped ones, we observe that the
new triangle is summed in the two first cases and it is not summed in the third case:
Fig. 4.4.
L.M. Ferna´ndez, L. Martı´n-Martı´nez / Linear Algebra and its Applications 407 (2005) 43–63 55
Fig. 4.5.
In general, if a closed (resp., basic open) triangular configuration is associated
with a Lie algebra, this does not imply that any triangular configuration obtained
from it should be associated with a Lie algebra too. For instance, consider the con-
figurations of Fig. 4.5, where all the non-ghost edges are supposed to have a weight
equal to 1. The first one, obtained from a closed triangular configuration associated
with a Lie algebra (see Theorem 4.1), is not associated with a Lie algebra because
J (e1, eh, eh+1) = −e3 − e5 /= 0, while the second one, obtained from a basic open
triangular configuration associated with a Lie algebra (see Theorem 4.2), is not asso-
ciated with a lie algebra because J (e2, eh, eh+1) = e3 /= 0.
However, we can prove the following theorem.
Theorem 4.3. Any triangular configuration made up by triangles with weighted and
non-directed edges obtained from a closed triangular configuration which is not
associated with a Lie algebra is not associated with a Lie algebra either.
Proof. Let C denote the configuration of the hypothesis and C1 the closed config-
uration from which C is obtained. We label the vertices of C in such a way that
1, . . . , n are the vertices of C1 and we consider vectorial spaces, V1 and V , with
skew-symmetric and bilinear inner products, as in Section 3, associated with C1
and C, respectively. Since V1 is not a Lie algebra, there exist e1, ej , ek ∈ V1, 1 
i < j < k  n, such that J (ei, ej , ek) /= 0 in V1. To compute J (ei, ej , ek) in V , we
have to observe that, because C is a triangular configuration, in the expression in V of
the bracket product [ei, ej ] (resp., [ej , ek] or [ek, ei]) only another term of the form
ai,j eh (resp., aj,keh or −ai,keh) can (possibly) appear, where eh is a basic element
of V not in V1 corresponding to a vertex h of C not in C1. But, due to the definition
of the sum operation, that vertex h cannot be adjacent to the vertex k (resp,. to the
vertex i or j ), because, if it is the case, then, in some step, a triangle would have been
added and not summed.
Consequently, J (ei, ej , ek) /= 0 in V too and C is not associated with a Lie alge-
bra. 
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A similar proof allows us to establish the following theorem.
Theorem 4.4. Any triangular configuration made up by triangles with weighted and
non-directed edges obtained from a basic open triangular configuration, with n  2
triangles, which is not associated with a Lie algebra is not associated with a Lie
algebra either.
Next, we observe that it is clear that any open triangular configuration is obtained
from a basic open triangular configuration by summing triangles sharing the central
vertex. Thus, we have:
Corollary 4.5. Any open triangular configuration made up by triangles with weighted
and non-directed edges obtained from a basic open triangular configuration of n  2
triangles not associated with a Lie algebra is not associated with a Lie algebra either.
To finish this section, we want to point out that the restriction in the definition
of the sum operation, that is, the requirement concerning the appearance of new
vertices, can be explained by the following figures, where“new” configurations are
“obtained” from a basic open triangular configuration, which is not associated with
a Lie algebra, by adding (but not always summing) triangles and the “new” configu-
rations have a different behavior (all the weights of non-ghost edges are supposed to
be equal to 1, but a1,7 = a4,5 = −1 and a7,k = −1). Thus, the configuration of Fig.
4.6 is associated with a Lie algebra while the configuration of Fig. 4.7 is not, because
J (e3, e4, e7) = −e6 /= 0 (observe that, actually, these configurations are plane ones).
Fig. 4.6. Fig. 4.7.
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5. Classification of Lie algebras associated with triangular configurations
From now on, let C be a closed (resp., basic open) triangular configuration made
up by n triangles of weighted and non-directed edges which is associated with a Lie
algebra. In this section, our aim will be to classify such Lie algebra, following the
types described in [2,3]. We suppose that C is labelled as in the above section. First,
we can prove:
Proposition 5.1. Let C be a closed triangular configuration made up by n > 4 tri-
angles (or a basic open triangular configuration made up by n > 3 triangles) of
weighted and non-directed edges associated with a Lie algebra. The following prop-
erties are satisfied:
(i) If C has one non-ghost exterior edge, then all the exterior edges are non-ghost
edges and all the radial edges are ghost edges.
(ii) If C has one non-ghost radial edge, then all the exterior edges are ghost edges
and there can be no two consecutive ghost radial edges.
Proof. First, consider that C is a closed triangular configuration. Then, from Theo-
rem 4.1, the weights of its edges verify:
ai,i+1a1,k = 0, 2  i  n, k /= i, i + 1,
a2,n+1a1,k = 0, 3  k  n. (5.1)
If C has a non-ghost exterior edge e, we can suppose, without loss of general-
ity, that its vertices are labelled by 2 and n + 1. Thus, a2,n+1 /= 0 and (5.1) implies
a1,k = 0, 3  k  n, that is, all the radial non-incident edges with e are ghost edges.
Now, take the triangles of vertices 1, 3 and 4. Since a1,3 = a1,4 = 0, we get a3,4 /= 0
(if not, we had not drawn such triangle). By using again (5.1), a1,2 = a1,n+1 = 0 and
all the radial edges are ghost edges. Moreover, all the exterior edges are not ghost
edges because we have drawn all the triangles.
Now, if C has one non-ghost radial edge e′, we can suppose, without loss of
generality again, that its vertices are labelled by 1 and 2. So, a1,2 /= 0 and, from
(5.1), all the exterior non-incident edges with e′ are ghost edges. Consequently, in
the triangle of vertices 1, 4 and 5 (observe that n + 1 > 5 by hypothesis), one of the
radial edges, with respective weights equal to a1,4 and a1,5 has to be a non-ghost
edge. Then, from (5.1), we obtain that a2,3 = a2,n+1 = 0 and all the exterior edges
are ghost edges. Finally, it is clear that there can be no two consecutive ghost radial
edges because all the triangles of C are drawn.
The proof for the case of C being a basic open triangular configuration is similar
from (or, by using) Theorem 4.2. 
Next, by using the above proposition, we obtain the following classification theo-
rem which is independent on the weights of non-ghost edges.
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Theorem 5.1. A Lie algebra associated with a closed triangular configuration made
up by n > 4 triangles of weighted and non-directed edges is solvable with solvability
index equal to 3. Furthermore, it is nilpotent with nilpotent index equal to 3 if and
only if there are no two consecutive non-ghost radial edges in the configuration.
Proof. Let L be a Lie algebra associated with a closed triangular configuration C
made up by n > 4 triangles of weighted and non-directed edges, labelled as de-
scribed above. Consider a basis of L, {e1, . . . , en+1}, where each vector ei corre-
sponds to the vertex i.
First, if there exists a non-ghost exterior edge in C, from (i) of Proposition 5.1 all
the radial edges are ghost edges, that is, a1,k = 0, 2  k  n + 1 and all the exterior
edges are non-ghost edges, that is ai,i+1 /= 0, 2  i  n and a2,n+1 /= 0. Thus, from
(4.1)–(4.5), the non-null bracket products of basic elements ofL are given by
[ei, ei+1] = ai,i+1e1, i = 2, . . . , n; [e2, en+1] = a2,n+1e1.
Now, if we study the derived series ofL, we obtain
L2 = [L,L] =< e1 >; L3 = [L2,L2] = {0}
and L is a solvable Lie algebra with solvability index equal to 3. For the lower
central series, we have that
L2 =L2; L3 = [L2,L] = {0}
and, in this case,L is a nilpotent Lie algebra with nilpotent index equal to 3.
Next, if there exists a non-ghost radial edge, then, from (ii) of Proposition 5.1,
all the exterior edges are ghost edges and there can be no two consecutive ghost
radial edges. So, from (4.1)–(4.5) again, the only non-null bracket products of basic
elements of L are those in which vector e1 appears. Moreover, when we study the
derived series of L, we observe that L2 does not contain vector e1 and, conse-
quently,L3 = {0}, that is,L is a solvable Lie algebra with solvability index equal
to 3 too. Finally, if we study the lower central series ofL in this case, we get
L2 = 〈a1,2(e3 + en+1); a1,i (ei−1 + ei+1), 3  i  n; a1,n+1(e2 + en)〉,
L3 = 〈a1,2a1,n+1(e2 + en) + a1,2a1,3(e2 + e4);
a1,i−1a1,i (ei−2 + ei) + a1,ia1,i+1(ei + ei+2), 4  i  n − 1;
a1,2a1,3(e3 + en+1) + a1,3a1,4(e3 + e5);
a1,n−1a1,n(en−2 + en) + a1,na1,n+1(e2 + en);




a21,i + a21,i+1 /= 0, 2  i  n and a21,2 + a21,n+1 /= 0.
Then,L3 = 0 (that is,L is a nilpotent Lie algebra with nilpotent index equal to
3) if and only if
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a1,ia1,i+1 = 0, 2  i  n; a1,2a1,n+1 = 0
or, equivalently, if and only if there are no two consecutive non-ghost radial edges. 
With a similar proof we get:
Theorem 5.2. A Lie algebra associated with a basic open triangular configuration
made up by n > 3 triangles of weighted and non-directed edges is solvable with
solvability index equal to 3. Furthermore, it is nilpotent with nilpotent index equal
to 3 if and only if there are no two consecutive non-ghost radial edges in the config-
uration.
It is obvious that, in the nilpotent cases of the above theorems, the corresponding
Lie algebras are not filiform ones, because their nilpotent indices does not coincide
with their dimensions.
Finally, we are going to study cases n  4 for closed triangular configurations and
cases n  3 for basic open triangular configurations. Straightforward computations
by using Theorem 4.1 and Theorem 4.2 give the following tables, where the laws
of the algebras have been obtained from (4.1)–(4.5) and (4.28)–(4.31), respectively,
and where we present the configuration and the classification, taking into account
two agreements: if we do not mention, in solvability cases (resp., nilpotent cases),
the nilpotent character (resp., filiform character), it will be because the algebras will
not have them. Moreover, if, in nilpotent cases, we do not mention the index of
solvability, it will be because it is the same as the nilpotent index.
• Lie algebras associated with closed triangular configurations of n = 3 triangles.
• Lie algebras associated with closed triangular configurations of n = 4 triangles.
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• Lie algebras associated with basic open triangular configurations of n = 1 trian-
gles.
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• Lie algebras associated with basic open triangular configurations of n = 2 trian-
gles.
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• Lie algebras associated with basic open triangular configurations of n = 3 trian-
gles.
To conclude, we should like to point out that the above results permit to get solv-
able or nilpotent Lie algebras of any finite dimension with very handy basis. This
fact is important for many applications of Lie algebraic theory.
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